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O ' Abstract 

(N : 

In this paper, various polynomial representations of strange classical Lie super- 
algebras are investigated. It turns out that the representations for the algebras of 
type P are indecomposable, and we obtain the composition series of the underly- 
ing modules. As modules of the algebras of type Q , the polynomial algebras are 
decomposed into a direct sum of irreducible submodules. 
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^ ■ 1 Introduction 

^ . Lie superalgebras were introduced by physicists as the fundamental tools of studying the 
Q ■ supersymmetry in physics. Unlike Lie algebra case, finite-dimensional modules of finite- 
dimensional simple Lie superalgebras may not be completely reducible and the structure 
I of finite-dimensional irreducible modules is much more complicated due to the existence 
of so-called atypical modules (cf. [17], [18]). In his celebrated work [16] on classification 
of finite-dimensional simple Lie superalgebras, Kac found two families of exotic classical 
simple Lie superalgebras, which are called "strange" Lie superalgebras of type P and Q, 
respectively. These superalgebras do not have analogues in Lie algebras. The strange Lie 
superalgebras have attracted a number of mathematicians' attention. 

Javis and Murray [9] obtained the Casimir invariants, characteristic identities, and 
tensor operators for the strange Lie superalgebras. Moreover, Nazarov [11] found Yangians 
of the superalgebras. In [2], Frappat, Sciarrino and Sorba studied Dynkin-like diagrams 
and a certain representation of the strange superalgebra P{n). In addition, they [3] gave 
a certain oscillator realization of the strange superalgebras. Medak [13] generalized the 
Baker-Campbell-Hausdorff formula and used it to examine the so-called BCH-Lie and 
BCH-invertible subalgebras in the Lie superalgebra P{n). Penkov and Serganova [20] 
discovered a surprising phenomena that the multiplicity of the highest weight in the 
finite-dimensional irreducible representations of q{n) is in general greater than 1. 



Gruson [8] computed the cohomology with trivial coefficients for the strange Lie super- 
algebras. Palev and Van der Jeugt [19] found a family of nongraded Fock representations 
of the Lie superalgebra Q{n). Gorelik [5] obtained the center of the universal enveloping 
algebra of the Lie superalgebra of type P. Serganova [21] determined the center of the 
quotient algebra of the universal enveloping algebra of the Lie superalgebra of type P 
by its Jacobson radical and used it to study the typical highest weight modules of the 
algebra. Medak [14] proved that each maximal invertible subalgebra of P{n) is Z-graded. 
Moon [15] obtained a "Schur-Weyl duality" for the algebras of type P. Martinez and 
Zelmanov [12] classified Lie superalgebras graded by P{n) and Q{n). Brundan [1] found 
a connection between Kazhdan-Lusztig polynomials and character formulas for the Lie 
superalgebra q{n). Gorelik [6] obtained the Shapovalov determinants of Q-type Lie su- 
peralgebras. Stukopin [22] studied the Yangians of the strange Lie superalgebra of type 
Q by Drinfel'd approach. Gorelik and Serganova [7] investigated the structure of Verma 
modules over the twisted affine Lie superalgebra q{n)^'^\ 

One way of understanding simple Lie algebras and simple Lie superalgebras is to 
determine the structure of their natural representations. Canonical polynomial irreducible 
representations (also known as oscillator representations in physics (e.g., cf. [4])) of finite- 
dimensional simple Lie algebras are very important from application point of view, where 
both the representation formulas and bases are clear. In [10], we determined the structure 
of certain noncanonical polynomial representations of classical simple Lie algebras, in 
particular, their irreducible submodules. In this paper, we want to generalize the above 
results to the strange simple Lie superalgebras. The details follows. 

Throughout this paper, we denote by Z the ring of integers and by N the set of 
nonnegative integers. For convenience, we also use the following notation of indices: 

JJ = + (1.1) 

where i < j are integers. Let Eij be the matrix whose (i, j)-entry is 1 and the others are 
zero. Moreover, all the vector spaces are assumed over C, the field of complex numbers. 
The general linear Lie superalgebra gl{m\n) = gl{m\n)Q (B gl{m\n)i with 

m n m Ti 

Let ^ = C[xi, ■ ■ ■ , Xm, ^1, ■ ■ ■ , 6*71] be the polynomial algebra in bosonic variables Xi, ■ ■ ■ , 
and fermionic variables ^1, ■ ■ ■ , 6'^, i.e. 

XiXj = XjXi, 6p9g = -6g9p, Xi6p = 9pXi, i,j G l,m, p,q e l,n. (1.3) 



Take an integer r G 0, m. Define an action of gl{m\n) on A by 



A 



-Xjd^^-6ij if i,j el_,r, 

dx.d^j if i el^ j e r + l,m , 

—XiXj if j & l,r, i & r + l,m, 

Xid^ if i,j er + l,m, 



p I _ . Sx.^gp if i e l,r, p € 

i^i,m+pU 1 3,^5^^ if 2 e r + l,m, l,n, ^ ' 



_ -9pXj if j G l,r, p G 1,?T,, 
m+p,,U - I ^^^^^ if ^ r + l,m, PGM, 



£'„^+p,m+gU = ^P^e, for p, g G 1, n. 

Then we obtain a representation 0^. : gl{m\n) — (^/(^), which is obtained from the 
canonical polynomial representation by swapping dx^ and —Xi for i G l,r. In this case, 
the degree operator 

m+n r m n 

i=l i=l j=r+l p=l 

Set 

Ak = {feA\ V{f) = kf}, keZ. (1.6) 

It is straightforward to verify that all Ak are irreducible (7Z(m|?7,)-submodules and A = 
^kez-^k- This is the starting point of this work. 

In this paper, we always assume n > 3. Recall that the simple strange Lie superalgebra 

n.-l 

P(n — 1) = C{Ei^i — Ei^i^i^i — En^i n+i + -E'n+i+l^n+i+l) 



i=l 

^ ] [^{Eij — En+j,n+i) + C{Ej^i — En+i^n+j^ 
l<j<j<n 



+C{En+ij — En+j,i) + ^{Ei^n+j + -£^i,n+j)] + ^ ^Ej,n+j (1-7) 

is a subalgebra of gl{n\n). Denote by (j)^ = (f>r\pin-i) the restricted representation with 
m = n, by A^ the underlying module A and by A^. its submodule Ak- Furthermore, the 
notation (5) stands for the submodule generated by a set S. The notation / means that 
/ is missing in an expression. 

Theorem 1. We have the following conclusions on the representation (j)^ : 
(1) If r = 0, the subspace Al is an irreducible P{n — l)-module and the subspace A^ 
with k > 1 has a composition series 

AlD{x1)D{0} tfk^n, (1.8) 



D(^i---^„)D(2;^)D{0}. (1.9) 

(2) When r = n, = if k > n, and the suhmodules and A^_i are irreducible. 
If0^k<n — 2, the suhmodule A^ has a composition series 

n 

Al D (xr^"2 ...§^...e^)^ {0}. (1.10) 

i=l 

Furthermore, Aq has a composition series 

n 

A- D (1) D (xr^ Y.^-iyxA ■■■0r-- 0n) D {0}. (1.11) 

i=l 

(3) In the case ofl<r<n— l,we have the following composition series: 

Al D D {0} zf n-r^k<0, (1.12) 

^^d(x^)d{0} ifn-ry^k>0 (1.13) 

and 

^ (^r + l ■■■9n)^ {xri ^ {0}. (1.14) 



Recall that the Lie superalgebra 

n 

Q{n — 1) = ^ C{Eij + E„+j^„+j) + ^ C{Ei^n+j + En+j,i) 

n-1 

) (1-15) 

4 = 1 

is a subalgebra of gl{n\n). Denote by 0^ = 0r|Q(„_i) the restricted representation with 
m = n, by the underlying module A and by A^ its submodule ^fc. Let be the 
2?T, X 2n identity matrix, i.e. I2n = X]?=i -^j,*- Then C/2n is the center of Q{n — 1) and 
the simple strange Lie superalgebra 

Q{n - 1) = Q{n-l) /Chn. (1.16) 



Theorem 2. We have the following conclusions on the representation cf)^ ofQ(n — 1): 

(1) For k > 0, the submodule A^ is a direct sum of two irreducible submodules {x\ + 
v^xj-^^i) and {x\ - ^/kxt'^Oi). 

(2) The submodules Al with G Z are irreducible ifO<r<n. 

(3) The representations 0^ and 0^ are equivalent. 

Since 0^(/2n)U^ = — r = (cf. (1.5)), the subspaces A^. with < r < n are 
irreducible submodules of the strange simple Lie superalgebra Q{n — 1) by (1.16). 
The proof of Theorem 1 is given in Section 2. In Section 3, we prove Theorem 2. 



2 Proof of Theorem 1 



In this section, we investigate the representations 0^ of the strange simple Lie superalgebra 
P(n- 1) in (1.7). 
Note that 

n-l 

H = ^ ] C{Ei^i — i^j+i^j+i — En+i^n+i + -£'n+j+l,n+j+l) (2-1) 
i=l 

forms a Cartan subalgebra of the even subalgebra 

Pin - 1)0 = P{n - 1) n gl{n\n)-o = H + ^ C{Eij - En+j,n+i) (2.2) 

(cf. (1.2)). Moreover, we have the subalgebra 

P(n-1)±= 5^ CiE,j-En+j,n+i)- (2.3) 

l<i<j<n 

Denote 

ji n 

|a| = ^ai, a;° = ]^xf' for a = (ai, a„,) G N". (2.4) 

1=1 i=l 

Set 

n r 

•^k, t = Span {x°6'j^ ■ ■ - dk \ a E N"';ii, ■ ■ ■ ,it E l,n; ^ — ^ = /c — t}, (2.5) 

j=r+l i=l 

where < t < Then all Al ^ form P(n — l)o-submodules. Moreover, 

Al= Al,. (2.6) 

0<t<min{k,n} 

Let 

n 

^ = J2xA. (2.7) 

1=1 

We first introduce a lemma, which will be used for proving linear independence. 

Lemma 2.1 Let A = [aij) be an m x m real matrix. If |aj^j| > ^ |ajj| for i E l,m, then 
det{A) ^ 0. 

We study the P{n — l)-module structure of A]^ according to the following three cases. 
2.1 r = 

In this case, A!l = {0} if A; < 0. Moreover, all A^ are finite-dimensional P(n—l)o- modules, 
which are completely reducible. Denote by U{Q) the universal enveloping algebra of a Lie 
(super) algebra Q. 



Lemma 2.2 Suppose k > 1 and 1 <t < min{k,n} . As P{n — 1)q submodules, 

Alt = U{P{n - l)o)(x^*^„_i+i ■■■en)® U{P{n - l)-o){x1~'~'en-t+2 ■ ■ ■ Oni). (2.8) 
Moreover, the set 



{{n + k- 2t)x^e,, ■ ■ ■ + E E ■ ■ ■ ^ ■ ■ ■ 

p=l s=l 

I |a| = A; - t; ii, ■ ■ ■ , Zt < z/ Saj^ ^ 0} 



(2.9) 



is a basis of U{P{n — 1)q){x\ *'9n^t+i ■ ■ ■ ^n) cind the set 



t n 



{5^^(-l)Pa,X"''^'""^.^n---4---^.. I \a\ = k-t- nG{zi,--- ,Zi}} (2.10) 

p=l s=l 

is a basis of U{P{n - l)o)(xf~*^^^„_t+2 ■ ■ ■ ^nO- 
Proof. Denote 



e- = (0,..., 0,1,0, ...,0) forzGl,n. (2.11) 

First we claim that 

t+i 

J2{-i)pi3,y-^^pe,, ■ ■ - 4 ■ ■■e,^^, e u{p{n - iy,){x\-X-t+i ■■■9n) (2.12) 
p=i 



for distinct ip E l,n and /3 G such that \(3\ = k — t + 2. It it straightforward to verify 

■ ■ ■ e f^(^(^ - l)o){xtX-t+l ■■■On). (2.13) 

Thus we have 

x"^,, ■ ■ G t/(P(n - l)o)(a;^*e„_i+i • • - ^n) (2.14) 
for a G N" such that \a\ = k — t and ttjj = ■ ■ ■ = aj^+i = 0. Since 

fJ(-i)^A,x^--.^,---^;---^,,, = 



(A. + --- + A.+.-1)! 



t+i 



t+i t+i 



(E,^,, - (x (2.15) 

(2.13) holds. 
Note 

A(0 = for A G P(n - l)o. (2.16) 

By the similar arguments as in the above, we have 

t 

e(5^(-l)^a.,x-^'.^,, . . . . . . e U{P{n - l)-o)ixt'-'0n^t+2 ■ ■ ■ ^nO (2-17) 

p=i 



for a G N" such that lal = k — t. Set 



/(a; ii, - ■ ■ ,it) = {k + n - 2t)x°'di^ ■ ■ ■ Oi, 

t n 

+ E ■■■0l---9.„ (2.18) 

p=l s=l 



and 



= E E(-i)^«v^""^'^'""^A---^^,---^..- 

p=l s=l 



Since 



(2.19) 



/(a;n---,^t) = 5Z (5^(-i)Xx"+--^'^^A---4---^^. 

s^ii,---,it P=l 

+ («, + l)x"^i,---^iJ, (2.20) 
we get /(a; ii, ■ ■ ■ , k) E P{n - l)o(xi~*6'„,„t+i ■■■On). Since 

■ ■ ■ = ^ — — (/(«; it) - g{,a] %!,■■■ , it)) , (2.21) 
k + n — It 

we have 

= U{P{n - l)o)(x^*^„_i+i ■ ■ ■ e„) © U{P{n - l)-^){x\-'-Hn^t+2 ■ ■ ■ ^nO- (2-22) 
Note that if > 0, 

/(a;ii, ■ ■ ■ ,it-i,n) = (-1)* E /(a + - e„; s,ii, ■ ■ ■ ,it-i) (2.23) 
and if n ^ {zi, ■ ■ ■ , it}, 

1 * 

5f(a; ii, ■ ■ ■ , if) = — — - ^{-l)Pai^g{a + e„ - e^^; n, ii, ■ ■ ■ , ip, ■ ■ • , it). (2.24) 

+ ^ p=i 

So the set (2.9) spans U{P{n - l)o)(xf^*^„_t+i ■■■9n) and the set (2.10) spans U {P{n — 

l)o)(x^*-l^„_t+2---^nO- 

We still have to check the linear independence of (2.9) and (2.10). Assume 

5^<...,J(a;zi,---,z,) = 0. (2.25) 
Considering the coefficient of x'^Oi-^ ■ ■ ■Oi^, we obtain 



{n-t+ Y: E (-1)>^ + 1)C^Z---,.=0- ^2.26) 

s^ii,---,it ai^>Q,s^i\,--- ,it,n 

By Lemma 2.1, we get c"^ ... = 0. If 

E<,..,.^7(«;^i,---,^t)=0, (2.27) 



then 



p=l aij^>0,ip^n,s=^ii,--- ,it,n 



E «*.+«^ + l)<r'X-,^. + --- = °' h7^n,a.^>0. (2.29) 
By Lemma 2.1 again, we get (if^ ... = 0. □ 



Theorem 2.3 The subspace is the natural irreducible P{n — l)-module. Moreover, 
A^. (k > 1) has a composition series 

^°D(xt)D{0}z/A;^l,n, (2.30) 

^°D(^i---^„)D(x^)D{0}. (2.31) 

In addition, 



i)= U{P{n-l)Q){xtX~t-,i---0n). (2.32) 

0<t<k,n-l 

Proof. The first statement is obvious. We wiU prove the others by several steps. 
1 ) The subinodule {x\) {k > 0) is irreducible. 

Applying Ei^n+i U^= Xide^ to 7^ / G Al, we have x" G (/) for some a with |a| = k. 
Since Span{x" | a G N", |a| = k} is an irreducible P(r2 — 1)5— submodule, we get G (/). 

2; (xj) = © U{P{n - 1)0) (xt-*^„_t+i ■■■9n) asP{n- l)-o-submodule. 

0<t<n~l,k 

In fact, 

Xi *9n-t+l ■ ■ - dn = ^ " , , (-^2n-f+l,l " -E'n+l,n-i+l ) ' ' ' {E2n,l — En+l,n){Xi). (2.33) 

kl 

Hence 

t/(P(n-l)o)(x^-*^,_t+i---^„) C for < t < n - 1, A;. (2.34) 

Now we have to show that U{P{n - l)o)(x^-*^„ -t+i'''^n) is a P(r;, — 1)- 

0<t<n-l,k 

submodule. It is sufficient to check 

Pin-l)l{x'^-%,t+^■■■e,,) C U{P{n-l)o){xt%.-t+i---On) (2.35) 

0<t<n-l,k 

by PBW Theorem. 

Note that if n — t < i, j < n, 

^ (-l)^-"+*x^*x,e„_<+i ...9y9n + (-l)^-"+*a;^*x,^„_i+i • • ■ • • ^n. (2.36) 



When l<i<n — t<j<n, 
In the case 1 < i, j < n — t, 

{Ei,n+j + Ej^n+i){Xi~^On^t+l " " " On) = 0. (2.38) 

Thus 

{E,^n+J+E,^n+^)ix1-%-t+l■■■0n) C f/(P(n-l)o)(x^-*+i^„_i+2---^n). (2.39) 

Since 

{En+i,j - En+j,){xt%-t+l ■■■en)=0, if I, J 1, (2.40) 

and 

{En+i,l — En+l,i){Xi^''9n-t+l ' ' ' dn) = (k — t)x\~^'~^OiOn-t+l ' ' ' dn, (2-41) 

we get 

{En+^,J - En+,M4~'0n^t+i " " " ^n) C U{P{n - l)o) (x^^'^^^^i ■■■6^). (2.42) 
Hence (2.35) holds. 

3) Al/ (xi) is irreducible when k l,n. 
Since 

^1= U{P{n-l)o){xt%-t+i---en) 

0<t<n-l,k 

U{P{n - l)-o){x1-'-'^0n-t+2 ■■■On), (2.43) 

0<t<n,/fc-l 

Al/i^i) = UiP{n - l)-o)ix1-'-'^en-t+2 ■■■en) (2.44) 

0<t<n,fc-l 



as P{n — l)o-modules. For any / G \ (xf ), there exists x\~*''^~^^6n-to+2 ■ ■ ■On ^ (/) for 
some < to < n, k — 1 hj the complete reducibility of as a P{n — l)o-module, where 
/ is the image of / in J^l/ {x\). We calculate 

to-l 

(-^2n-j+2,l ~ En+l^n-j+2){.x\ *" ^S,0n-to+2 " " ' Qn) 

j=t 

(-l)*°'*(fc-to- l)!- 
(/t-t - 1)! 

for t <to and 

n-to+2 



xr*-^e^„_t+2---^n (2.45) 



H (Pi,„+, + E,-„+i)(x^*«-i^e 

j=n-t'+2 



= (-l)*'-*«x^-*'-ie^„_i.+2---^n (2.46) 
for t' > to, which imply (/) = Al/{x^). 

4) It is easy to check P{n - l){9i ■■■On) C (x^). So (^i ■ ■■9n)/{x1) = C^i ■ ■ • On is 
irreducible. By the similar argument as in 3), we get An/ (^i ■ ■ ■ On) is irreducible. □ 



In this case, = if k > n. Moreover, all are finite-dimensional P{n — 1)5- modules, 
which are completely reducible. Again we deal with the P{n — l)o-submodule A^^ first 
(cf. (2.5)) 

Lemma 2.4 When k < t < n, 

n 

p=n—t 

®U{P{n - l)-^){x'~Hn-t+i ■■■en) (2.47) 
as P{n — 1)q- submodules. Moreover, the set 



t n 

{{t - k)x^e,, ■ ■ ■ + E E (-i)^«.x°+^».-^^^,^,, ...e,^...e.,,\aeN^, 

p=l s=l 

\a\ = t — k; 3j > ii, - ■ ■ ,it such that aj 7^ 0} 

n 

is a basis of U{P{n — 1)q){x^~'^"^ E i—^yxp9n^t^^^0p^^^en)o,n'dtheset 

p=n—t 

t n 

{tx^Oi, ■ ■ ■ - E E i-iyasX^+^^r^-^^eA, ■ ■ ■ ■ ■ ■ J a G N", 

p=l s=l 

\a\ = t — k; ttj = for all j > ii, - ■ ■ , it} 



(2.48) 



(2.49) 



is a basis of U {P{n - l)o) (xj, ''On-t+i ■■■On)- 
Proof. Set 

t n 

f'ia; . . . , 2i) = (t - A;)x"^,, ■■■0^, + Y, ^(-l)^'«,x"+^'p-^^^,^,, ■ ■ ■ 4 ■ ■ ■ 9,, (2.50) 

p=l s=l 

and 

t n 

g'{a; 2i, ■ ■ ■ , 2*) = tx^d,, ■■■9,,-^, 5^(-l)P«.x°+^"--^»^,e,, ... ... e,^. (2.51) 

p=l s=l 

Denote 

f/i = [/(P(n-l)o)(x*„-'-i (-l)%^n-t---^,---^n). (2.52) 

p=n— t 

It is straightforward to check 



t 

t-k ^ 



i^(-l)X^,,...e:^...e,Gf7,. (2.53) 

p=0 



for zo, ■ ■ ■ 5 "^t G 1, n. Consequently, 

t 

5^(-l)%,^ft,„ . . . . . . e ^t. (2.54) 



for a G N" such that |a| = t — k — l,as = for s ^ io, - ■ ■ ,it- Note 

(«io + E «s - 1)! 

(2.55) 



So /'(a; ii, - ■ ■ ,it) ^ Ut for all a G N" with \a\=t - k. 

Since x*^'^^,, ■ ■ ■ G f/(P(n - l)o)(xJr'^n-t+i ■ ■ • ^n), we have x"^,, ■ ■ ■ ft,, G f/(P(n - 
l)o)(x^~*^6'„_t+i ■ ■ ■ 9n) for any a G with |a| = t — k and = if s 7^ ii, ■ ■ ■ , if . Note 

{x Q.^...Q.^y (2.56) 

So we obtain ^l, ■ ■ ■ , «<) G U{P{n — l)o)(x^~'^6'„_t+i ■ ■ ■ 6'„,) for all a G N"' with |a| = 
t — k. On the other hand, 

•^It = Span ■ ■ ■ ,Zt),5('(a,Zf, ■ ■ ■ ,Zf) I a G N", 



|q;| = t — /c; ii, ■ ■ ■ , if G 1, n}, (2.57) 

which implies (2.47). If = for s > ii, - ■ ■ ,it, we can assume it = max{j | aj > 0} 
and have 

(—1)* 

f'{a;ii,- ■ ■ ,it) = — - a J'(a + e^, - e^; s, ii, ■ ■ ■ , if_i). (2.58) 

sel,n\{ii,--- ,it} 

If 3j > Zi, ■ ■ ■ , Zf such that aj > 0, let s = max{j | aj > 0}. Note that s > ii, - ■ ■ ,it and 

t 

g'{a; ii, ■ ■ ■ ,it) = - E(-l)V(a + % - ^s] s,ii,--- ,ip,--- , h)- (2.59) 

p=i 

Now (2.48) spans Ut and (2.49) spans U{P{n - l)o)(x^^^^„_f+i ■ ■ ■ ^n) by (3.58)-(3.59). 
Lemma 2.1 implies that the sets (2.48) and (2.49) are linear independent. □ 

Theorem 2.5 The subspace = when k > n. Moreover, the suhmodules and 
are irreducible. When k < n — 2, we have the following composition series: 

n 

Al D {x^-''-' ^(-l)*x,^i . . . ■ ■ ^n) D {0} zfk<n-2,k^0, (2.60) 

2=1 

n 

A^o 3 (1) 3 Y^-iyxA ...§,...e^)^ {0}. (2.61) 



i=l 



Furthermore, in terms of (2.52), 



{xi-^-^Y.^-ir^A---e^---en)= Ut. (2.62) 

i=l max{0,k-\-l)<t<n 



Proof. The first and second statement are trivial. Now assume k < n — 2. 

n 

1 ) The module ^(— ■ ■ ■ 6'j ■ ■ ■ 6'„) is the minimal submodule of A^. 

1=1 

Given 7^ / G A^. There should be a weight vector g G (/) such that P{n — l)^{g) = 
by the completely reducibility of as a P{n — l)o-module. Up to a scalar multiple, 



g = X. 



n-s-i-k Y^^_iY^^0^ ...0^...0^oT x^-'+'-% ■■■9n (2.63) 



p=s 



for some s. If g = ^ ^ {—lyXpOg ■ ■ - Op - ■ - On, then 



s-l 



J](E,,2n - Er,,n+^){g) = X^-'-' J^i-'^T^^^l " " " " ' G (/)• (2.64) 

i=l i=l 

When g = x'!^~^~^^~''6s ■ ■ - On, we have 



s-l 



Xr'^^l ■■■On = ll{E2n,^ ' En+^,n){9) G (/), (2.65) 



i=l 

xl-'-%---e^^, = tDllE„„2n.{xl-%---9n)e{f), (2.66) 

n — k 

t k 1 " i~^y^^ n k 1 

Tl rC 1 

+ (-l)X"'"'^i---^n-i). (2.67) 

n 

Anyway, xr'^-^ ^(-l)^x,^i ■ ■ ■ ■ ■ ■ ^„ g (/). 

4 = 1 

2) Equation (2.62) holds. 
Since 



1 ^-l)Pa:^0,^_^...e^...e„ 



p=n—t 

= : _fc_2V n (-^^2n-i?„,n+.)(xr'^-'^(-l)*X,^l---^V--^n), (2.68) 

^' 1=1 i=l 

we get 

n 

Ut C (xr'^-^ Y,{-^r^^^l ■ ■ ■ ■ ■ ^n). (2.69) 

1=1 

It is straightforward to verify 

n 

(E,,„+, + E,- „+,)(xjr'"' 5Z (-i)%^n-t ■ ■ ■ ^; ■ ■ ■ ^„) G (2.70) 

p=n— f 

and 

n 

(E„+,,, - ,)(x^r'-' 5^ (-l)%^„-t ■ ■ ■ ■ ■ ■ ^„) G ?7i+i. (2.71) 

p=n— t 



Therefore, the right side of (2.62) is a P{n — l)-submodule. 

n 

3) The quotient module A^/ (x^"''"^ ^ (— l)*Xj6'i ■ ■ - Oi - ■ - On) is irreducible when k ^ 0. 

1=1 

Since 

n 

Utc{xi-''-'J2(-iyxA---er--e^), (2.72) 
1=1 

we have 

n 

^ UiPin-l)-o){xl-^^'-%---9^) (2.73) 

l<s<n,n+l—k 

as P(n — l)o-modules. We use u to denote the image in the quotient space for u G A^. For 



n 

in \ / ^n—k—2 



any 7^ / G \ {x^-''-^ ■ ■ ■ ■ ■ ■ we have g = x^-^+^-f^Os ■ ■ ■ ^„ G (/) 

for some s. Since 



(E„,„+, + Es,2n) {g) = {n-s + l- k)xl~'~^es+i ■■■On (2.74) 

and 



(P2n,.-1 - P„+._l,„)(^) = X^-^+^-^Os-l ■■■On, (2.75) 



we have x''^-''+^~^6s - ■ ■ On G (/) for all < s < min{n,n + I - k). Thus (/) = 

n 

1=1 

4; A; = 0. 
Since 

(E,,, - E„+,-„+,)(l) = {-x,d,^ - ^,9,J(1) = 0, (2.76) 

{E,^n+j + ^i,n+.)(l) = [d^A^ + 9,,9eJ(l) = (2.77) 

n 

and {En+ij - En+j,i){l) = XiOj - xjOi G (x^^^-^ J^^-lfx^ei ■■■9i---9n) (2.78) 

1=1 



for j G 1, n, we get 

n 

P(n - 1)(1) C (xr^-^ ^(_i)^a:,^i ■ ■ ■ ■ ■ ^n) (2.79) 



i=l 



by (2.48) with t = 1, (2.52) and (2.62). Thus ^(-l)'xi^i ■ ■ ■ ft^ ■ ■ = CI 

«=i 

is irreducible. By the similar arguments as those in 3), we can prove that Aq/{1) is 

irreducible. □ 



2.3 <r <n 

Set 

r-l 
i=l 

+ ^ C(-E'jj — (2.80) 

n-1 

L2 = ^ ] C{Ei^i — En+i,n+i " + -E'n+i+l,n+i+l) 

i=r+l 

+ ^ C(-E'jj — i?„+j_„+i), (2-81) 

and 

= C{Eij — En+j,n+i)^ L2 = C(-E'jj — En+j^n+i)- (2.82) 

Recall that 

n r 

-^fc,/ = Span{x°'6'j^ ■ ■ ■ | ii, ■ ■ ■ , G 1, ra; — + / = /c} 

j=r+l i=l 

is a P(r2 — 1)0 submodule. Let V/^i be the P{n — l)o-submodule of Ali generated by 



Table 1 





if I < n — r,l < k 


xl'^'On-l+l ■ ■ ■ On 


ii k <l < n — r 


{k-l + l)xt+le„_i • ■ ■ erer+2 ■■■0n + 
p=n—l 


if n — r < I < k,l ^ ^{k + n — r) 


r 

^ { — iyXp6n~l~l ■ ■ - Op - ■ ■ OrX'^.'^^ 6r+2 " " " 
p=n—l—l 


if n — r < I < k, I = ^{k + n — r) 


a^r"'"' E {-iyxpe.,.i---ep---eAr+i---en 

p=n—l 


if I > k,l > n — r 



and let WJ^i be P{n — l)o-submodule generated by 



Table 2 



S^r+i ^^rdn~l+2 ■ ■ ■ 


if / < A;, / < n — r 


(/ - A; + l)xt.-'=^.^„_i+2 ■ ■ ■ + xt-'^+^e.e„_i+2 ■ ■ ■ 


if k < I < n — r, I ^ ^{k + n — r) 


x'. ''^^6r^rdn-l+3 " " " 


if k < I < n — r, I = ^(k + n — r) 


'+1 ' ' ' 


if n — r < I < k 


Xr (^n-l+1 ■ ■ ■ ^rt 


if I > k,l > n — r 



r 

where = E ^i^i- 

i=r+l 



Lemma 2.6 The subspace Al^i = V^^^ © Wl^^ if I ^ ^{k + n - r) . When l = ^{k + n-r), 
we have the following composition series of P{n — l)Q-submodules: 

D VI, + Wl, D VI, {or W^,^,) D VI, fl Wl, D {0}. (2.83) 

Proof. Set 



•Ak',k",t,s = Spanjx'^^i, ■■ - ^i.^ l,r, ji, - ■■ , e r + l,n; 

r n 

e N", ^ a, = t - k', ^ «i = A;" - s}. (2.84) 



a 

i=l i=r+l 



Note that A], , = '^fc',fc",t,s- Moreover, 

k'+k"=k,s+t=l 



•Ak',k",t,s ~ U (-^1 + -^2) (2;* ■ ■ ■ ^r^^r+l * ' " ' ^n) 

©f/(Li + L2)(xt-'^'^,_t+i ■ ■ ■ ^,x^+7^e„_,+i ■ • ■ ^,0 

r 

©t/(Li + L2)(x*-'='-l 5^ (-l)^x/,_i ■ ■ ■ ■ ■ ■ ^,X,^;i^-ler^n-.+2 " " " ^n) 



p=r— t 
r 



©t/(Li + L2)(xt-'='-^ 5^ (-l)%^,_t---^p---^,x,V^„-+i---^n) (2-85) 

p=r— t 

ifO<s<n — r, 0<t<r. We claim that 

r 

5Z {-IfXpOr-t ■■■Op--- OrX^VOn-s+l " " " ^ V^,; (2.86) 
p=r—t 

for all < / < n, < t < r, < s < n — r, s + 1 = / and a^+i — + / = A;. We prove it 
case by case. 

(a) I < n — r. 

We have 

X^^X^lY0n-l+l---0neV^^l (2.87) 

because 

(-E'r+l,r ~ -E'n+r,n+r+l)U'- = — a^^a^r+l + (^rde^+i- (2.88) 

Assume 

r 

5Z ■ ■ ■ 4 ■ ■ ■ ft.X^;r ^n-. ■ ■ ■ e V^;,;. (2.89) 

p=r—t+l 

We have 

= 5Z (-l)^'sgn(p-^)xp^,_i---^V--^;---^rx";r^n-.---^ne (2.90) 

where 

1 if p > i, 

sgn(p - z) = <( if p = i, (2.91) 
—1 if p < i. 



Note 

+ En+i,2n-s){hi) 

r 

= {-^y^pGr^t ■ ■ ■ i ■ ■ ■ ■■■en. (2.92) 

p=r—t 

So (2.86) holds when I < n — r. 
(b) n — r < I < k. 
If / 7^ i(A; + n — r), we set 

Qn-l-l = (— -E'r+l,n."/-l + -E'n-i-l,r+l) • ( (^ — ^ + l)a^r+l^n-« ' ' ' ^r^r-+2 ' ' ' 6'n 
r 

+ ^ ( — l)''~'a^p6'„„i ■ ■ ■ 0p ■ ■ ■ ^^a^r+l^^^r+l ■ ■ ■ ^n) 
p=n— i 

= (A; — / + l)Xn~l~lOn~l ■ ■ ■ 6'ra^r+l'^^^'-+2 ■ ■ ■ Qn 
r 

+ ^ ( — l)^~''a;n-«-l2:p^n-i ■ ■ ■Op - ■ ■ 9rX'l^\^'^9r+l ■ ■ ■ On 
p=n—l 
r 

+ J2 (-l)^""+'a;p^„„;_i ■ ■ ■ 4 ■ ■ ■ e,x^;i+2^,+2 ■ ■ ■ ^n, (2.93) 

p=n— Z 

S'i = (~1)* "'*''( — + -^n+i,n.+r+l)(-E'j,n-Z--l-E2ri-;-l,n.+i) ((^ — ^ + l)6'ri-r ■■ 6'r 



k—l 



p=n—l 

(k-i + i)x,^„_i_i ■ ■ ■ eierx^-[+%+2 ■■■en 

r 

+ J2 (-l)''""sgn(p-z)a;iXp^„_i_i---^V--^p---^rX^;i+^er+i---^n 

i^p=n— Z— 1 
r 

+ Yl i-'^Y^'''%en-l-l ■■■9p--- erX';-[^X+2 ■■■en (2.94) 

i^p=n— Z— 1 



for i = n — /, ■ ■ ■ , r. We calculate 



(— l)^a;p6'ri_;_i ■ ■ ■ ■ ■ ■ 6'ra;^+i^^6'r+2 ■ ■ ■ 6*71 

p=n— Z— 1 



k + n — r — 21 

i=n~l—l 



Again by induction on t, we obtain (2.86) holds for n — r < I < k. It can be similarly 
proved when / > k and I > n — r. 



Now let 

fj ' T i.-^r—t,j -£'n+j,n+i — t)(-^j,r+l -£'n+j,n+r— t) ( -^'r+ljr En-\-r,n+r-\-l) ■ 



r+1 

(x] 



p=r—t 

r 

+X':^ (-ir-Vr-m---^p---^rX°;rX,^,^n_.+l---^n, (2.96) 

p=r—t+l 

j = r + 1, ■ ■ ■ ,n — s. Taking summation on j, we get 

p=^t+i (2.97) 



It is not difficult to verify that the subspace 

p 

{f/(Li + L2)(x^'-i ^ (-i)%^.-t ■ ■ ■ ^, ■ ■ ■ ■ ■ ■ e„) 

s+£^i, p=r—t 

Ctr+l —<y.r = k — l 

®U{Li + L2)[(a,+i + n - r - s)x^'-^,_t+i ■ ■ ■ ■ ■ ■ ^„ 

(-ir"%^r-m---i---^rX^;reA-.+l---^n]} (2.98) 

is invariant under P{n — l)o, which implies that it is equal to Vj^i exactly. 
By a similar argument, we obtain that 

^k,l = {f^(^l+^2)«'-^r~m---^r<;r~'eA-s+2---^n) 

s + f — l. 

ar-\-i—<^i~k—l 

®U (Li + L2) [{ar + t)x^'-^,„t+i ■ ■ ■ ^.x";V^„-.+i ■ ■ ■ + 



r 

X,, 



Y (-l)P-%^.^m---^p---^rx";reA-.+i---^n]}. (2.99) 



Now it is easy to see Al^i = Vj^i © W^i if / ^ i(A; + n - r). 
Now assume I = ^{k + n — r) . 
According to the above arguments, 

^y(Kl + = UiL, + L2)«^^._i+l ■ ■ ■ erXZVOn-s-,1 " " " ^n) 

s + t = l, 

r 

f/(Li+L2)«'- (-i)%^,_<+i---e;---e, 

s+t^l, p=r-~t+l 

xa;°;Ver-^n-.+i---^n). (2.100) 



For any f E i \ {Vj^'i + W[i), there should be some weight vector g E U {P{n — 
1)0) (/) such that L^ig) = and Ll^ij)) = 0. Up to a scalar multiple, 

r 

g = Yl i-^Y^pOr-to+l ---Op--- 9rX%\'^r9n-so+l " " " (mod V^i + W'.^i) (2.101) 
p=i — io+1 

for some Sq, to, kj., K+i G N such that Sq + to = ^! K+i — K = k — I and < Sq < n — r. 
(1) I > n — r. 
We have 

{En-l-l^T+2 ~ En+r+2,2n-l-l) ' ' ' {Er~to+l,n~so ~~ E2n-so,n+r-to+l){g) 







{modVl^ + Wl,). (2.102) 



Furthermore, 



X^^ J2 hirXpen-r--el---erXZr^'Or+l---eneUiPin-l)-o)if)+V^, + Wli (2.103) 
p=n— ( 

for all a G N" such that a^+i — ar = k — I because 

{Er,r+1 — -E'n+r+l,n+r)U'- = dxr^^Xr+i ~ ^r+\(^Bri (2.104) 

{Er+\,r ~ -E'n+r-.n+r+l) U'' = — X^X^+l — d^dg^^^. (2.105) 

Therefore, 

■4^, C U{P{n - l)o)(/) + + W^,^,, for k"-k' + l = k. (2.106) 

By induction on t, we obtain 

^I,, C U{P{n-l)-o){f) + V^^, + W^,^, for A;"-A;' + Z = k, s + t = l,t> l-n + r. (2.107) 

(2) I < n - r. 
Note 

(-£'r-l,n-i+2 ~ -£'2n-«+2,n+r-l) ' ' ' (-£'r-to + l,n-so -^2n-so,n+r-to+l) (fl') 

= (-1)-^' (a;,^^a;,Yi^e.^n-z+2 ■■■0n) (mod V;,, + PF,^,,). (2.108) 
Consequently, 

X^^X^^^r^ren-l+2 " " " G t/(P(n - l)o)(/) + V,^^^ + W^^, (2.109) 

for all a G N*^ such that a^+i — = — /, which implies 

Al,,.,i C t/(P(n - l)o)(/) + + Wl, for k"-k' + l = k. (2.110) 



Again by induction on t, we obtain 

Al,,k",t,s C - l)o)./ + r;,, + W',^, for k"-k' + l = k,s + t = l,t>0. (2.111) 

Anyway, we get 

Al, = U{P{n - l)o)(/) + (y;,, + Wl,), (2.112) 

that is f/(P(n - l)o)(/) = AyiV,^,i + W[^i). 

It can be similarly proved that (V^,, + 1^,^,,)/^/;,,, V,\jV,^^,f]m,i and V^^^flW^fc'.^ are 
irreducible P{n — l)o-niodules. □ 

Denote 




(2.113) 



Theorem 2.7 The module has the following composition series: 

AlDV,^D{0} tfk^n-r- (2.114) 

^I, D(e.+i---^„)Dy;D{0} (2.115) 

Proof. Suppose /c > 0. We prove the theorem step by step. 
1) is the minimal submodule of A^.. 

Let 7^ /(xi, ■ ■ ■ ,Xn;Oi, - ■ ■ ,6n) e A^. Applying Ei^n+i \a= Xide, for r < i < n, and 
{Ei^n+j + Ej^n+i) \a= dx^de^ + Xjde^ ioi 1 < i < r < j < n, (2.116) 
we can get some 7^ /i(xi, ■ ■ ■ , x„) G (/). Using 

(Ei^r - En+r,n+i){fl) = -XrA^fl) ^OT I E (2.117) 

and 

{Er+ij - En+j,n+r+i){fi) = Xr+iO^^ifi) for j G r + 2, n, (2.118) 
we get some 7^ f2{xr,Xr+i) G (/). Since 

{Er,r+1 — En+r+l,n+r)if2) = f^xy f^x^+i (/2) , (2.119) 

we obtain G (/) with ar+idr = and a^+i — ar = k. 

n-l 
1=0 

Assume k > n — r > 0. Since 

Xr+iOn-l+l ■ ■ ■ dn = ^, ^' W {En+j,r+l — -^n+r+l,j) (a^^+l) ^ (2.120) 



for < / < n — r, we get V^'i C ioi < I < n — r. Note 



and 



{En+r,r+l ~ En-\-r+l,r){Xr+l^~^^(^r+2 ' ' ' ^n) 

{k-n + r + l)^,x^;i"+'-^,+2 ■■■On + Xrx';-'^'+'+%+i ■■■e^eVl (2.121) 



r 

+ ^ { — ^T~^Xp9n-l ■ ■ - Op - ■ ■ 9rXl^\^^9r+l ■ ■ ■ On 
p=n—l 

r+l,n—l 

){{k-l + 2)x';-[+X-l+l ■ ■ ■ erer+2 ■■■On 



k-l + 2 



+ i-lT~'Xp0n^l+l---ep---0rX';^[^%+i---9n). (2.122) 

Thus we have V^T^ G for n — r < I < k + 1 such that / 7^ ^{k + n — r) . Moreover, 

n—k—2 r 

Y\ (En+rJ — En+j,r) ( ^ { — '^Y~'^ Xp9n-k-l ■ ■ ■ 9p ■ ■ ■ 9r9r+l ' ' ' 9n) 
j=n—l p=n—k—l 
r 

= { — ^Y~'"Xp9n^i- ■ -(^p- ■ ■9r9r+l- ■ ■9n, (2.123) 

p=n—l 

which imphes Vj^i C V^T for k + 1 < I < n. 

When k + n — r is even, we set /' = ^{k + n — r). Since VJ//+i C V^, we have 

{k — /^a^r+l ~^^n-«'-l ■ ■ ■ 9r9r+2 ' ' ' 9n 
r 

+ i-'^r-'xp0n^i'^i---9p---9rx';^(9r+i---9neV,\ (2.124) 

p=n—l' — l 

Note 

Er+l,n+r+l [{k — ^')^r+l ^^n-i'-l ' ' ' 9r9r+2 ' ' ' 9n 
r 

+ ^ (— l)^~^a^p6'„_i/_i ■■■ ■■■ 6'ra;^;^{ 6*^+1 ■■■ 

p=n— i' — 1 

r 

= (-1)''-"+^^ Y {-lY-''xp9n-v-i---9p---9rxl-i9,+2---9n. (2.125) 

p=n— 1 

Thus V^i, C by Table 1 and (2.113). 

n— 1 n— 1 n— 1 

It can be verified that P(^^ - 1) [ E ^m] C E ^li- Therefore, = V^i. 

1=0 ' 1=0 ' /=0 

It can be similarly proved when k < n — r. 
3) Al/V^ is irreducible when k ^ n — r. 



Again we assume k > n — r. The proof for k < n — r is quite similar. Let 7^ / G 
•^k\^k- '^^^ write 

/= Yl Z'^'''^"'^'*' (2.126) 

k'+k"=k,teOj\seO,n~r 

where fk',k",s,t £ -^kiki'st ("^f- (2.84) and (2.85)) and only finite fk',k",s,t 7^ 0. Since 
A^, ^ J are all finite dimensional (Li + L2)-modules, U{Li + L-2){f) is finite dimensional. 
Thus there should be a weight vector /' G U{Li + L2)(/) C (/) such that Lf{f') = and 
^2 if) — 0- Up to a scalar multiple, /' should be in form of 

X*"'' 0r~t+l ■ ■ ■ (^rXr+l''~^^r(^n-s+2 ' ' ' Gn (2.127) 

or 

X^'^ 6r-t+l ■ ■ ■ 6rX'^_^_J^6n-s+l " " " (2.128) 

for some tGO,r, s E 0,n — r — 1 and k', k" G N such that k' + k" = k. Since 

= {-lYxl-'^'er-t+l ■ ■ ■ erX';l-,Wn-s+l ' " ' ^n, (2.129) 

we can assume /' = xl~'''9r-t+i ■ ■ ■ 6rXr+i^dn-s+i ■ ■ ■ 6'„. Let Iq = s + t. We divide our 
argument into three subcases. 

(a) If n — r < /o < k, then we have 



g — X^_^_i'6n~lQ+l ■ ■ ■ On 



-{Er^r+l ~ En+r+l,n+rY ^ ( " 1)* (-f'r-t+i.r+i 



{t - k')\{k" - s)\ 



i=l 



-E^+r+i,n+r-m)if) (mod V^) (2.130) 
(cf. (2.97)). Note 

Y\ {En+i,r+l - En+T+l,i){g) = tu _ 1\\ 3^r+l^n~^+l " " " G (/) (2.131) 

i=n-l+l ^ 

for Iq < I < k. Moreover, 

n—k 

Y\ {En+T,i — En+i,r){dn~k+l ' ' '^n)) = X^. ^9n^l+l ■ ■ ■ 9n E (/) (2.132) 

i=n—l+l 

for k < I < n. Furthermore, 

lo 

Y\_iEr+l,2n-i+l + En-i+l,n+r+l){g) = a^^+j^n-i+l ' ' ' E (/) (2.133) 

i=l 

for n — r < I < In. Thus we have 



Xr+l^rdn-l+2 ' ' ' On & (x^+J'+^^^+i ■ ■ ■ for / < n - r 



(2.134) 



by Theorem 2.3. Therefore, W[i C (/) for all < / < n. 
(b) If k > k, then let 



n~s—r 



{t - k')\{k" - s)\ 

~En+r+i,n+r-t+i){f')- (2.135) 



|(-£'r,r+l ~ En+r+l,n+r)'' ^ (~1 )* (-E'r--t+i,r+i 

1=1 



We have 



l[iEr,2n-i+l + En-i+l,n+r)i9) = _ j,' 4"'^n-^+l " " " G (/) (2.136) 



i=l 



ioT k < I < Iq. By (2.136) and (a) with g replaced by ^n-fc+i ■ • ■ dn, we get W[^i C (/) for 
all < / < ra. 

(c) If Iq < n — r, then 



{t - t + l)\{k" - s)\ .^^ 



(-E'r,r+l ~ -E'n+r+l,n+r)* ^ J^(^l)*(-£'r-t+«,n-io+l+i 



— -E'2n-«o+l+j,n+r-t+i) (/') 

= , ^ ~ , X^;l°-^ergn-^o+2 ■ ■ ■ (mod V,') (2.137) 

k + n — lo 
(cf (2.21). Thus 

^ = X^;l°-ler^n-/o+2 " " " ^„ G (/). (2.138) 

Consequently, x'^_^_[ irdn~i+2 ■■■dn& (/) for all / < n-r by Theorem 2.3. Thus we obtain 
Wli C (/) ioile'^ by (a) with g replaced by x^^l^+'^.+i ■ ■ ■ 

Denote 

n 

^^' = 0^M- (2-139) 

Note that (/) D + = A\. if A; + — r is odd. When k + n — r is even, let 
/' = |(/c + n — r). Observe that n — r < I' < k and 

Since 

-E^r+l,n+r+l(/') = ( — 1)^"*^"^' ~^^Xr+l ^n-V ' ' ' OrOr+2 " " " ^n, (2.140) 

we obtain A^. i, C (/), which implies C (/). 

4) k = n — r. 
Note 

{Eij — En+j,n+i)idr+l ' ' ' dn) = (2.141) 



if i,j G l,r OT i,j G r + 1, n or z G 1, r and j E r + l,n. When z G r + 1, and j G 1, r, 
we have 

= —XiXj9r+i ■ ■ ■9n + { — iy~'^9j9r+l ■ ■ ■ 9i ■ ■ ■ 9n 

~ i-^rj ^ -£'n+j,n+r)(-^j,-r+l ~ -£'n+r+l,n+j) (-^'r-l.r+l ~ -£'n+r+l,n+r-l) 

- X,^,_i)x,+i^,+2 ■■■9n) e KT-r- (2-142) 

Thus P(n - l)o(^r+i ■■■9n)c Kr_,. Since 

{Ei^n+j + -E^i,n+i) " " " ^n) = (2.143) 

and 

{En+i,j — En+j,i){9r+l ' ' ' 9n) = {Xi9j — Xj9i)9r+1 ' ' ■ 9n E V^J'_r^„_r+i , (2.144) 

we obtain P{n - l)i(^^+i ■■■9^) C KT-r. that is, ■ ■ ■ ^„))/1/ -r- = ^^,.+1 ■ ■ ■ By 
the similar arguments as in 3), we get that A^^^./ (6'r+i ■ ■ ■ 9„) is irreducible. □ 

3 Proof of Theorem 2 

In this section, we investigate the polynomial representation of the Lie superalgebra Q{n — 
1) (n > 3). 
Recall 

Q{n-l)-o= J2 <C{E,,J+En+i,n+j), Q{n-1)^ = C{E,j + En+i,n+j), (3.1) 

l<i,j<n l<j<i<'i 



n-1 

Q{n — 1) J = ^ ] C(Ei^n+i + Eri+i^i — Eij^i^n+i+l ~ -E'n+i+l,i+l) 
n 

+ ^ C!(£'j^„+j + En+ij) (3.2) 

and 

r rt 

f = Span{x"6'ij ■ ■ ■ | ii, ■ ■ ■ , G T~n; a G N", - ^ + ^ = /c - t}. (3.3) 

i=l j=r+l 

Note 

= J] CEi,i (3.4) 

i=l 

forms a Cartan subalgebra of Q{n — 1). We study the representation case by case. 
Case 1, r = 0. 



Set 



t 

i=l 



(3.5) 



Lemma 3.1 The subspace 

Al, = U{Q{n - l)-o){xt% ■■■Ot)® U{Q{n - l)-o){x1-'-\+,) (3.6) 

as Q{n — VjQ-suhmodules. □ 

Theorem 3.2 The subspace has only two nonzero proper submodules {x\ + \/kx\^^9i) 
and {x'l — \/kx\^^9i) . Moreover, {x\ ± \/kx\'^^9i) have a basis 



t n 

{{k - t)x"^,, ■■■e.,+J2 5^(-l)^«.a;"+''''-^^^.^^i ■■■0^,■■■0^, 

p=l s=l 



±Vk^asX'^ '"^ii ■ ■ '^it^s I « e N", \a\ = k - t; <t < min{k,n}; 



=1 



ii, • • • , -if G 1, n, > for some j > ii, ■ ■ ■ , it} (3.7) 
Proof. (1 ) For any 7^ / G A^, we claim that 

x'l + Vkxt^Oi G (/) or x'l - Vkx'r^Oi G (/). (3.8) 

Write / = Elo(/< + ^?*) with 

ft G U{Q{n - l)-,){x'l'-% ■ --et), gt G UiQ{n - l)-o){x1-%). (3.9) 
Applying Q{n — l)g to /, we can assume 

k 

f = Y,M-'e^ ■■■et + btxl^'vt), at, bt G C. (3.10) 

t=0 

Since atx'l~^6i ■ ■ ■ 6t + btx'l~^Vt and at'x'l'^ 6i - ■ -Ot' + bt'x'l'^ Vt' are in different weight sub- 
spaces if t 7^ t' , we have atx'l~^9i ■ ■ ■9t + btx'l~''Vt G (/). Denote 



to = min{t G 0, A; I (a^, bt) ^ (0, 0)}. (3.11) 

Observe 

{El,n+2 + -E'n+1,2) ■ ■ ■ (-E'l,n+io + -E'n+l,to ) (c^io^l " ' ' ^to + ^to^l *°^'io) 

, , , to(tQ-l) , , , (to-l)(to-2) i, , „, 

= (-l)^^atoxt 'ei + (-l) ^ 6toxtG(/). (3.12) 
If a^y 7^ and fc^g = 0, we have x'l^^Oi G (/) and 

Xl = (Ei,„+i + - ^2,^+2 - K+2,2)(x?"^^l) G (/). (3.13) 



When = and 7^ 0, we get Xi G (/) and 

X% = \{E^,n+l + - ^2,„+2 - E^+2,2){X\) E (/). (3.14) 

Thus, under the above assumptions, (3.8) holds. In the case a^^ 7^ and bt^ 7^ 0, we have 
a'x'l'e^ + h'x'l G (/) with a' = (-l)^''%^ato ^ and b' = (-1) ^'""T""'' ^ 0. Since 

(Ei,„+i + En+1,1 - E2,n+2 - En+2,2){a'xt'0i + b' x^) = kb'x^^Oi + a' x\ G (/), (3.15) 

we obtain x\,x\~^6i G (/) if ^ 7^ ^, which imphes (3.8). When ^ = ^, we have 
a' /b' = ±-\/A;, and so (3.8) holds. 

(2) The set (3.7) is a subset of {x^ ± Vkxl^^Oi). 

Denote 

t n ^ 

h{a- ^1, ■ ■ ■ , it) = {k- t)x"ei, ■ ■ • + E E {-iyasx''^''p-'^eA, ■■■Oir--Oi, 

^=1^=1 (3.16) 

s=l 



where t G 0, n — 1. We write h{a) instead of h{a; ii - ■ ■ ,it) when t = 0. 
Since 

n I n 

h{a) = fcx" + J] a.x'^-'W, = n^^^i + En+.,n+ir{x1 + v^x^-^^i) (3.17) 

i=l I J- 

we have 

h(a) e {x'l + Vkx'l~^9i) for a G such that |a| = A;. (3.18) 

Now we assume 

h{a; 2i, ■ ■ ■ , ir) G (x^ + v^x^-^^i) (3.19) 



for r < t, a G N" with lal = /c — r, and ii, - ■ ■ ,ir G l,n. Since t < n, we can take 



l,ra 9 j 7^ ^1, ■ ■ ■ 



/i(a;zi, ■ ■ ■ ,it) 

-{Ei^^n+j + -En+iij)[/i(a - + e^; Z2, ■ ■ ■ , ^^)] 



1 * (—lY 

So /i(a;; ii, ■ ■ ■ , it) G (x^ + \/kxi~^6i). By induction on t, the conclusion holds. 
The set (3.7) forms a basis (xj ± v^xj^^^i). 
Denote by V the subspace spanned by (3.7). Since 

(—1)* 

h{a]ii,- ■ ■ ,it) = — y~] ash{a + - es;s,ii,- ■ ■ ,it-i) (3.21) 



if it = max{j G 1, n | > 0}, we obtain 



V = Span{/i(a;; ii, • ■ ■ ,it) \ < t < k,n;ii, ■ ■ ■ , it G 1, n; a G N", \a\ = k - t} (3.22) 

For j ^ {h, ■ ■ ■ , it}, we have 

{Eij + Er,+i^rL+j)[hia;ii, ■ ■ ■ ,it)] = ajh{a + ei - ej;ii, ■ ■ ■ ,it). (3.23) 

For i ^ {ii, ■ ■ ■ ,it} and J G {ii, ■ ■ ■ , Zt}, we can assume j = ii and get 

[Eij + En+i,n+j)[h{a;ii, ■ ■ ■ ,it)] 
= h{a + ei - ei^]i,i2,- ■ ■ ,it) + ai^h{a + ei - ei^;ii,- ■ ■ ,it)- (3.24) 

When i,j G {ii, ■ ■ ■ , it}, we may assume j = = 12 and have 

{Ei^j + E„+i,„+j)[/i(a;ii, ■ ■ ■ ,it)] = ai^h{a - e^^ + ei2;ii, ■ ■ ■ ,it)- (3.25) 



Therefore, {Eij + En+i,n+j){y) C for any i,j G l,r2. Observe that 

{Ei^n+j + En+i,j)[h{a; ii,-- ■ , it)] 
= aj[h{a - ej + ei;i,ii,- ■ ■ ,it) 
1 * 

+ - ^(-l)'/i(a - ej + e^; 2i, ■ ■ ■ , 

1=1 

+ ^-^h{a-ej+e,;ii,--- ,tt)) (3.26) 

if j ^ {ii, ■ ■ ■ , When j G {ii, ■ ■ ■ , it}, we may assume j = ii and have 

{Ei^n+h + En+i,iJ[h{a;ii, ■ ■ ■ ,it)] 
= -{Ei^n+H + En+i,iJ[ ^ h{a;s,i2,---,it)]- (3.27) 

s=iii,--- ,it 

Thus the subspace ^ is a submodule of {xi + \/kxi~^6i), which imphes V = {xi + 

Vkx'i-^e^). 

Using Lemma 2.1, we get the hnear independence of (3.7). □ 

Case 2. 1 < r < n. 
In this case, we have: 

Theorem 3.3 The submodule A^. is irreducible if < r < n. 
Proof. (1 ) First we claim that 

h--- OrXrXT) = Al for all io > -k, -r. (3.28) 



Since 

,r+l + En+r,n+r+l)\A^ — dx^d^^^^, (3.29) 

we get 

xl+'9i ■ ■ ■ e {xl+'°9i ■ ■ ■ for z < io. (3.30) 

By Theorem 3.2, we derive 

x"^,, ■ ■ ■ 6,^9,, ■ ■ ■ 6^^ G {xl+^e, ■ ■ ■ erx';+{) (3.31) 

n r 

for 0<t<r,0<s< n — r, and a G such that ^ ap + s = k + i and ^ «q = —i- 

p=r+l 5=1 

Hence 

x'^Oi, ■ ■ ■ Oi^Oj, ■ ■ ■ Oj^ G {x:+'"e, ■ ■ ■ OrX^.H"). (3.32) 

Note 

= -x;+'+%---erx';li+^ + x;+'ei---9r-ixtlier+i. (3.33) 

So we get 

x;+^9, ■ ■ ■ OrX^.Xi G ■ ■ ■ for i > io, (3.34) 

which imphes 

x'^e,, ■ ■ ■ e,,e,, ■ ■ ■ e,^ g {x;+^°e, ■ ■ ■ (3.35) 

n r 

for all s,t G 0,r and a G N"" such that ^ — X] "^g — k — s — t, that is, 

p=r+l 5=1 

(^2^ iVext for any f e Al, we have 

x'+'Oi ■ ■ ■ erx';Xi e (/) for some i > -k, -r. (3.36) 

In fact, we can rewrite / = 'Y^gihi, with 

i 

gi G Span {x^^j, ■ ■ ■ J < s < n - r; /3 G N", \P\ = k + i-s, 



/3i = ■ ■ ■ = /3r = 0; ji, ■ ■ ■ , J, G r + 1, n}, (3.37) 

/li G Span {x^^ii ■ ■ ■ ^ij < t < r; a G N", |a| = i + t, 

ttr+i = ■ ■ ■ = ttn = 0; 2i ■ ■ ■ , it e 1, r}. (3.38) 

Applying _Ep^g + En+p,n+q to /, we may assume 

(Ep,q + En+p,n+q){gi) = for r < p < g < n, (3.39) 



{Ep^q + En+r,,n+q){K) = ioi Q < p < q < T . (3.40) 
Therefore, there should be some 

s 

h = a(xt+*^i---^i)(x^+r$^(-ira;,+p^r+i---^.+p---^.+.) 

s 

+6(X*+^^1 ■ ■ ■ etO{<X{~' 5^(-l)Px,+pe,+l ■ ■ ■ ■ ■ ■ Or+s) 

p=l 

+d{xl+% ■ ■ ■ 9tC.){x';Xl-'9r+i ■ ■ ■ Or+s) e (/) (3.41) 



for some i,t,s G l,n and a, b,c,d E C, where ^'r = ^j^j- Note that if t < r — 1, then 

r-l 

^ n i-mEn+p,r + i^p,n+r)(/l) G (/)• (3.42) 

p=t+l 

So we can assume t = r — 1. If s > 1, we have 

s 

^ Y\_iEr+l,n+r+p + -E'„+r+l,r+p) (/l ) ^ (/)• (3.43) 

p=2 

Thus we can assume s = 1. Under the assumptions, 



+c(x;+*-i^i ■ ■ ■ 9r-i)ix';X[-~%+i) + dix:+'9, ■ ■ ■ 9r){x';Xl'9r+i) (3.44) 



and 



Set 



{Ep^n+p + En+p,p){fi) = for p e l,n,p 7^ r,r + 1. (3.45) 



/2 — {~^y {Er+l,n+r+l ~^ En+r+l,r+l ~ Ep^n.^p — En+p^p){fl) 

= cxl+'-^9i ■ ■ ■ 9r-ix^^X\ - dxl+'9i ■ ■ ■ 9rx';X\ 
+a{k + z)«+*-^^i ■ ■ ■ 9r-i){xlX{-^9r+^) 

-b{k + z){x;+'9i ■ ■ ■ 9r){x';Xl-'9r+i), (3.46) 

fs ( 1) (-^r,n+r ~l~ En-{-r,r Ep^^+p En-\-p^p){^f\) 

= b{r + i)xl+'-% ■ ■ ■ 9r.ix';X\ - ax;+'9, ■ ■ ■ ^.x^+i 
+dir + t)ix:+'~% ■ ■ ■ 9r.^,){x':.Xl%.+,) 

-c{x:+'9,---9r)ix':Xl-%.+i), (3.47) 

fi = i^^Y ^ {Ey^i^n+r+l ''r En+r+l,r+l ~ Ep^n^p — En+p^p){f3) 

= d{r + t)x;+'-'9, ■ ■ ■ 9r-ix';X\ + cx;+'9, ■ ■ ■ 
+b{r + t)ik + t){x:-^'^% ■ ■ ■ 9r^^)ix':Xl%+,) 
+aik + i)ix;+'9i ■ ■■9r)ix'',Xt^9r+i). (3.48) 



We can assume 



(c' - a\k + z)) +{r + z) {(f -h\k + i)) ^ (3.49) 

because we can take 

~(-^r-+l,r + -E'n+r+l,n+r)(/l) 

+(c - ■ ■ ■ er^i){xix\er+i) + ■ ■ ■ (3.50) 

instead of /i if (3.49) does not hold. 

By (3.41) and (3.46)-3.48), /i,/2,/3,/4 G (/). Hence 

/s = c/i - a/2 + df-i - hf\ 

= (c^ - a^ik + + (f{r + i) - b'^{k + i){r + i)) 

x{x;+'-'9, ■ ■■er-i){x';Xl-'9r+i) e (/). (3.51) 

Thus (x;+^-i^i ■ ■ ■ 9r) {x^4i-'0r+i) E (/). Note 

- ^„+p,p)(x;+^-i^^i • ■ ■ ^._i)(x,^+r'^r+i). (3.52) 

So xi+'Oi ■■■e 

r^^r+i ^ (/)• This completes the proof of the theorem. D 
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